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Abstract. Let F be either R or C. Let (-7T, V) be an irreducible admissible smooth Frechet 
representation of GL2 n {F). A Shalika functional <f> : V — * C is a continuous linear functional such 
that for any g G GL n (F), A £ Mat nX n(F) and v G V we have 

(9 A> 

V° a, 

In this paper we prove that the space of Shalika functionals on V is at most one dimensional. 
For non-Archimedean F (of characteristic zero) this theorem was proven in |JR96) . 
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■ exp(27riRe(Tr(g _1 A)))</)(i;). 
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1. Introduction 

Let F be either R or C. Let (tt, V) be an admissible smooth Frechet representation of GL2 n {F). We 
assume that V is the canonical completion of an irreducible Harish-Chandra (g, K)- module in the sense 
of Casselman-Wallach (see e.g. |Wal92j . chapter 11). A Shalika functional <fr : V — > C is a continuous 
linear functional such that for any g £ GL n (F), A € Mat nxn (F) and v £ V we have 

g a 
9 



= exp (2 7 riRe(Tr( 5 " 1 A))) (j>(v). 
In this paper we prove the following theorem. 



Theorem 1.1. Let (jr, V) be an irreducible admissible smooth Frechet representation of GL2 n {F) . Then 
the space of Shalika functionals on V is at most one dimensional. 

For non- Archimedean F (of characteristic zero) this theorem was proven in [JRM. The proof 111 
JR96J is based on the fact that (GL2 ra (F), GL„(F) x GL„(F)) is a Gelfand pair, which was also proven 
in |JR96j . and the method of [FJ931 Section 3] of integration of Shalika functionals. 
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In the Archimedean case those two ingredients also exist. Namely, FJ93, Section 3] is valid also in 
the Archimedean case, and the fact that (GL2„(F), GL n (F) x GL n (F)) is a Gelfand pair is proven in 
}AG08bj . 

The proof that we present here is similar to the proof in [JR96] . The main difierence is that we have 
to prove the continuity of a certain linear form. 

1.1. Structure of the proof. 

We construct a linear map from the space of Shalika functionals to the space of linear periods (linear 
functionals on V that are invariant by GL„(F) x GL„(F)) and prove that the map is injective. Hence the 
uniqueness of the linear periods implies uniqueness of the Shalika functionals. The uniqueness of linear 
periods, i.e. the fact that (GL2 n (F), GL„(F) x GL n (F)) is a Gelfand pair, is proven in |AG08bj . 

1.2. Structure of the paper. 

In Sj2]we fix notation and terminology. In [J3]we describe a way of obtaining a linear period from a Shalika 
functional by integration, as in [FJ931 Section 3] . In fjH we investigate the properties of the obtained 
period. In |JS]we explain how this implies the uniqueness of Shalika functionals. 

1.3. Acknowledgements. 

Aizenbud and Gourevitch thank Josef Bernstein, Wee Teck Gan and Binyong Sun for useful re- 
marks. 

Aizenbud and Gourevitch were partially supported by a BSF grant, a GIF grant, and an ISF Center 
of excellency grant. Aizenbud was also partially supported by ISF grant No. 583/09. 



2. Preliminaries and notation 

2.1. Notation. 

• Henceforth we fix an Archimedean field F (i.e. F is R or C). 

• For a group G acting on a vector space V we denote by V G the space of G-invariant vectors in 
V. For a character x of G we denote by V ' x the space of (G, x)-equivariant vectors in V. 

• For a smooth real algebraic variety M we denote by S(M) the space of Schwartz functions on 
M, i.e. the space of smooth functions that are rapidly decreasing as well as all their derivatives. 
For precise definition see e.g. |AG08aj . 

• We fix a natural number n and denote G := GL,2n{F). 

• We fix a norm on G by 

IM|:= E l^f+ E I07 _1 )«| 2 - 



• We denote 



l<i,j<2n \<i,j<2n 



On : {[ 9 Q | .</ t GL„ (F)\ C G 



• We denote by v : GL n (F) — > G\ the isomorphism defined by 



9 
Id 



Note that for any X 6 Mat(n x n,F), dv{X) 
• We denote 



X 




• We denote 

TT.-M 

Id 



U-U 1 ^ ti)\ A ^ Mat nxn (F) } C G 



UNIQUENESS OF SHALIKA FUNCTIONALS 



3 



• We denote by fi : Mat(rt x n, F) — ► U the isomorphism defined by 




Note that for any X £ Mat(n x n,F), dfj,(X) 

• We denote by r : U — > F the homomorphism given by 

r(/z(A)) := Tr(A). 

• We let i[> be the additive character of F defined by ip(x) := e 27rlRc:!: . We define an homomorphism 
*:[/-> f x by 

We extend * to an homomorphism 4" : iJ{7 — » trivial on iJ. 

• We denote by -ft" the standard maximal compact subgroup of G. Thus K — 0(2n) if F = M and 
X = £/(2n) if F = C. 

2.2. Admissible representations. 

In this paper we consider admissible smooth Frechet representations of G, i.e. smooth admissible repre- 
sentations (tt, V) of G such that V is a Frechet space and, for any continuous semi-norm a on V, there 
exist another continuous semi-norm [3 on V and a natural number M such that for any g G G, 

a(n(g)v) < (3(v)\\g\\ M . 

By Casselman - Wallach theorem (see e.g. |Wal92j . chapter 11), V may be regarded as the canonical 
model of an irreducible Harish-Chandra (9, K)— module. By Casselman embedding theorem f |Cas80j ). V 
can be realized as a closed subspace of a principal series representation. We denote by V the canonical 
model of the contragredient Harish-Chandra (g, if)— module. It is a subspace of the topological dual V* 
of V. 

3. Integration of Shalika functionals 

In this section we fix: 

• an irreducible admissible smooth Frechet representation (%, V) of G 

• a Shalika functional A on V, i.e. A 6 (y*) HU '* . 

Theorem 3.1. There exists A'/ £ 1 such that for any v S v and over the region of s £ C with Re(s) > M, 
the integral 

L x , v (s) := f X(n(g)v)\det(g)\ s -idg 

converges absolutely and is a holomorphic function of s. 

Moreover, L\ tV (s) has meromorphic continuation to the complex plane and is a holomorphic multiple of 
the L-function of the representation it. Finally, for any A 7^ there exists v S V such that L\. v = L^. 

In |FJ93[ Proposition 3.1] this theorem is proven under the following assumption: 
(*) There exists a continuous semi-norm (3 on V such that |A(7r(g)u)| < (3(v) for any g £ G. 
This may not be true in general. However, we have the following result. 

Lemma 3.2. There exist M > and a continuous semi-norm [3 on V such that \\(Tr(g)v)\ < 
I detg\~ M /3(v) for any g £ Gi. 

Before proving the Lemma, we check that, with the help of this Lemma, the proof of Theorem 13.11 
is still valid. Indeed, the functions g 1— > X(w(g)v) are bounded in (FJ93j and satisfy a sharper estimate 
( FJ93, Lemma 3.1]). Here they satisfy the following estimates. 
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Lemma 3.3. There is a continuous semi-norm 7 on V such that, for any v G V , 

\\{ir{g)v)\ < |det6 -1 o| -M 7(«) 

for 

' a 
b 

with a,i £ GL(n,F), u G U , k G K. Furthermore, for any v G V, there is (& v G <S(Mat(n, x n,F)) such 
that 

|A(tt( 5 )w)| < $(6- 1 a)|det6- 1 a|- M , 

/or g of the above form. 

Proof. For the first assertion, we have 

\(Tr(g)v) = *(u)A(vr(^(6" 1 a))7r(fc)w). 

Hence 

|A(7r(ff)«)| < |det6- 1 ar M /3(7r(fc)w). 
There is another continuous semi-norm 7 such that, for all k G K, 

P(ir(k)v) < j(v). 

The first assertion follows. 

For the second assertion, we go through the proof of [FJ931 Lemma 3.1] (which is the above estimate 
with M = 0) and arrive at once at the present estimate. □ 

The proof of Theorem 13.11 is still valid. The only modification is that we need to check that, under 
our weaker assumption, two integrals in [FJ93] which depend on s G C, are still absolutely convergent 
for Res >> 0. 

The first integral is integral FJ931 45]: 

A(7r( ff »$( 3 )|det 5 | s +"-^ x 3 
where $ G <S(Mat(2n x 2n,F)). We write 

g = ( 6 ) k - 

Then 

d x g = \dcta\- n d x ad x bdxdk. 
By Lemma T3.3[ the integral of the absolute value is bounded by 



det a 



Re s — M- 



det b\ 



Rcs+A/+n- 



a x 
b 



d x ad x bdxdk. 



This does converge absolutely for Res >> 0. 

The second integral is integral (FJ93) 48]. It has the form 



A 



a 
Id 



ir(x)v 



deta| s 2 d x ad[i(x) 



where /1 is the measure on SL(2n, F) defined by 

f(x)d/j(x) 



f 



b- 1 

Id 



Id u 
Id 



T^,^ 1 ,^) det b\"d x bdudk 



Id 

b / 

In this formula k is integrated over K 1 = K n SL(2n, F) and the function T is in 5(Mat(n x n, F) 3 x K 1 ). 
The integral of the absolute value of the integrand is bounded by 



$ v (ab 2 )|deta6 



-2i-M 



\r\(u,b-\b;k)\detb\ n d x bdudk | deta| Res ~2d>< a . 
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After changing a to ab 2 , the integral decomposes into a product: 

$ v {a)\deta\ Rcs - M -id y a x / |T|(u, b~ l , b; k)\ det 6| n+2Rofl - 1 d x bdudk. 



The first integral converges for Res >> 0. The second integral converges for all s. 
It remains to prove Lemma 13.21 We will prove the following more general lemma. 



Lemma 3.4. There exists M$ > such that, for any polynomial P on the real vector space Mat(n xn,F), 
there exists a continuous semi-norm ftp on V such that for any g £ GL n (F) we have 

\\{Av{9))v)\<P P {v)j^\&etg\- M \ 

Proof. We have 

\(ir(n(X))v) = ip(Ti X)X(v) VX £ Mat(n x n,F). 

We have then 

X(dTr(dfi(X))v) = 27ri Re Tr(X)\(v) G Mat(n x n, F) 

and hence 

X(n(u(g))dn(dfj,(X))v) = 27riReTr(gX)A(7r(>( 5 ))v) VAT £ Mat(n x n, F) and g £ GL„(F). 

Similarly, if Q is a polynomial on the real vector space Mat(n x n,F), there is an element Xq of the 
enveloping algebra of Q^ni^) such that 

\(ir(p(g))dTr(X Q )v) = Q(g)X(Tr(u(g))v) Vg e GL n (F). 

We know that there exist a continuous semi-norm (3 on V and a natural number M such that |A(7r(g)u)| < 
/3(u)||(7|| M for any g G G. Therefore for any g £ GL n (F) we have 

\Q(g)X(n(u(g))v)\ = \\(7r(v(g))dn(n(X Q ))v)\ < 0(dn(X Q )v)\\v(g)\\ M . 

Note that | |^(g)|| M = ^0(5) I det g\~ 2M for a suitable polynomial Po on the real vector space Mat(nxn, F ). 
Therefore, we have, with Mo = 2M, 

|A(7r(K<?))«)| < p{d^X Q )v)^^\detg\- M \ 

We may take Q of the form Q = PgP where P is another polynomial. Since v 1— > /3((i7r(XQ)w) is a 
continuous semi-norm the Lemma follows. □ 

4. Properties of L\ tV 

Theorem 4.1. Let (jr, V) be an irreducible admissible smooth Frechet representation of G. Fix a Shalika 
functional A £ (y*^ HU >^ and a vector v G V . Then, for any polynomial p, the product p(s)L\ >v (s) is 
bounded at infinity on every vertical strip of finite width. 

In |FJ93[ §§3.3] the following statement is proven. 

Lemma 4.2. For Re(s) large enough, L\ jV (s) is a finite sum of functions of the type 

£.,€,•(*):= / <S>(g)ti(A9»\ det g\ s+n -Ug, 

JgeG 

where $ G 5(Mat(2n x 2n,F)), u G V, £ G V* . 

Now Theorem 14.11 follows from the following one. 

Theorem 4.3. Let (tt, V) be an irreducible admissible smooth Frechet representation of G. Let $ G 
c>(Mat(2n x 2n,F)), u G V and £ G V. Then C Ui ^^(s) has a meromorphic continuation to C whose 
product by any polynomial is bounded at infinity on any vertical strip. The continuation is a holomorphic 
multiple of L 7r (s) = L(s,ir). It satisfies the functional equation 



Hg)l;(7c( t g- 1 )u)\detg\ 1 - s+n -Ug = 7 (s,Tr,i>)£ Uti Ms) 
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where 



and 



j(s,-K,ip) := e(s,TT,ip) 



L(l - s,tt) 



L(s,tt) 

$(y)<0(tr(xy'))dy. 



'Mat(2nx2n,F) 

Finally, these assertions remain true if £ is in V* (topological dual ofV). 

This theorem is proven in [GJ72] in slightly narrower generality: the vectors u and £ are if —finite and 
the function $ is the product of a Gaussian function and a polynomial. For the convenience of the reader 
we indicate how to extend the results of |GJ72j . 

We will need the following lemma. 

Lemma 4.4. Let T C G be the torus of diagonal matrices. We will also regard T as the subset (F x ) 2rl 
of F 2n . Let x '■ T — > C x be a multiplicative character. Let (tt,V) be the corresponding representation of 
principal series of G. Let v 6 V and £ £ V . Let $ be a Schwartz function on Mat(2n x 2n, F). 
Then there exists a Schwartz function <f> £ S(F 2n ) such that 



$(ff)£Mff)v)|det0 



s+n—i 



dg = 



gee 



<f)(t)x(t)\dett\ s dt 



for any s € C suc/i i/ia£ £/ie integral on the right converges absolutely. 

Proof. Let N denote the group of upper triangular matrices with unit diagonal. Let B = TN and 8b be 
the module of the group B. Realize V as the space of smooth functions on G that satisfy 

f(tg) = x(t)f(g)S 1 B /2 (t) and f(ug) = f(g) for any t G T and u G N. 

Realize also V in the corresponding way. Then 



v(kg)£(k)dk, 



k£K 



where K is the standard maximal compact subgroup. Now 



${g)i{Ag)v)\&etg\ s + — dg 
To compute this integral we set 



$(g)v(kg)£(k)\detg\ s ^dgdk 



G JK 



Hk- 1 g)v(g)ak)\ det. 



G JK 



Then 
We set 



dg 



l-2n 



/ o a 


"1,2 







V o 







2n 


M 2 - 






Ul.2 





«2 



«l,2n ^ 
"2,2n 



k'. 



0,2n j 

_1 ® d x ai <gi diti jdk' 



(ai, ...,a 2 „) := / $ 

\ 

Clearly </> is a Schwartz function on i* 12 " and 

K9)£M5)«)|det 5 |*+ : 

sec 

for any s G C such that the integral on the right converges. 
Now we can prove Theorem [ 



"l,2n \ 
U2,2n 

a%n j 



k' 



v(k')£(k)dkdk' ® duij . 



teT 



□ 
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Proof of Theorem \4-3\ The representation (77, V) is a sub-representation of a principal series representa- 
tion determined by a character x of T and the representation (77, V) is then a quotient of the representation 
determined by x -1 - F° r u <E V and £ G V (or £ in the principal series determined by x -1 ) we have 

£u,£,*(s) = / 0(oi,O2, ■■■,a2n)xi( a i)l a i| ;i ---X2n(a2n)|a2«| s 'i x ai---d x a2„ • 

J(a 1 ,..,a 2 „)eFx 2 " 

The right hand side extends to a meromorphic function of s and the product of this function by any 
polynomial is bounded at infinity in any vertical strip. Moreover, the function (f> depends continuously 
on 4>,u 6 V,£ G V\ Therefore the analytic continuation depends continuously on $, t> G V, £ G V". By 
continuity, it has the properties stated in the Theorem. To extend further to the case where £ is in the 
topological dual V* we appeal to the Dixmier Malliavin Lemma ( |DM78| ) applied to the representation 
of SL 2n {F) on S(Ma.t 2nx2n (F)) defined by 

Thus we may assume $ is of the form 



$ 1 (g^ 1 X)f(g 1 )dg 1 



'SL 2n (F) 

where fx is a C°° function of compact support on SL 2n (F). Then 

"£u,£,<I> = £u,£i,<E>i 

where 

:=fW/i)«). 

Now £1 is in V and our assertion follows. 



□ 



Remark 4.5. The previous result with £ G V* is used without comment in |FJ93j . formula (57). This 
is why we included a sketch of the proof. 

Theorem 4.6. There exists M > such that for any even integer M' > 2 and any polynomial p on C, 
there exists a semi-norm (3 on V such that \pL\ jV \m'+m+wl\ < 

First, we will prove the following lemma. 

Lemma 4.7. There exists M > such that, for any even integer M' > 2, there exists a continuous 
semi-norm [3 on V such that \L\ iV (s)\ < /3{v) for Res = M' + M . 



Proof. By Lemma 13.41 there exists Mo > 0, and for any polynomial P on Mat(n x n,F), a continuous 
semi-norm f3p such that 

A (77(K<?))«) < det 9 |- M °. 
Let M := 1/2 + n 2 + M . Let Af' > 2 be an even integer and let s G C with Re(s) = M + M' . Let 



Let 
Now 



P(X) = I dctXl^ + lyly). 

/?(«) := (3 P (v) 



dX 



X6Mat(nxn,F) ITi.jCl + XijXij ) 



A(7r( l /(5))«)|det 5 | s - 1 / 2 dg 



GL n (F) 



< 



GL n (F) \P{g)\ 



1 



GL n (F) \P{9)\ 



detg 



n2 + M 'dg = 



det 5 r M «|det 5 r 2+M ' +M V 5 

1 



|detX| M 'dX = /3(v). 



□ 
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Proof of Theorem \4.6] For any g G GL n (F) we have 

L\, v{v{g ) )v {s) = \det{g)\ 1/2 ~ s L x , v (s). 
We can apply this to g — exp(tX), with t G R and X G Mat(n x n, F). We get 

L\,ir(u( g ))v(s) = \det(ex.p(tX))\^~ s L x , v (s). 
Differentiating this identity with respect to t at t — 0, we get 

L\,d v (dv(x))v{s) = (t> - s)c(X)L Ajt ,(s), 

where c(JT) = Tr X if F = R and c(X) = 2ReTrX if F — C. Similarly, for any polynomial p on C there 
exists X p in the universal enveloping algebra of gl 2n (F) such that 

L\,dir(X p )v(s) =p(s)Lx,v(s). 

The theorem follows now from Lemma 14.71 □ 
Notation 4.8. Define another representation tt 6 on the same space V by TT (g) := ^((g*) -1 ). Recall that 

TT = 7T. 

For any Shalika functional X : it — > C we define X : tt 6 — > C fry 

A(v):=A(*^_ Idnn Qn Jv 

It is easy to see that X is a Shalika functional for the rerpresentation it . 
Theorem 4.9 ( |FJ93j . Proposition 3.3). 

y(s,*,4>)Ll v (s)=L$ iV {l-8). 
Using Theorem 14.61 we obtain the following corollary. 



Corollary 4.10. There exists N < such that for any odd integer N' < —1 and any polynomial p on C 
there exists a semi-norm [3 on V such that \pL\, v \N'+N+m.\ < P{v). 

5. Uniqueness of Shalika functionals 

Theorem 5.1. Let (n, V) an irreducible admissible representation of G. Let X be a Shalika functional. 
Then the functional L(X) : V — > C defined by 

L(X)(v) : = 

is continuous. 

Proof. By Theorem 14.61 we choose M > 1 such that for any polynomial p there exists a semi-norm (3 
on V such that \pL\, v \M+m\ < By Corollary 14.101 we choose N < such for any polynomial p 

there exists a semi-norm [3 1 on V such that |pL,\ ]t ,|jv+iR| < P'{v). Let q be a polynomial such that the 
multiset of poles of 1/g (with multiplicities) coincides with the multiset of poles of iir|[jv,iv/]+iK- Here, 
[N, M] + iM denotes the strip iV < Re(s) < M. It is enough to show that the map L'(X) defined by 
L'(X)(v) := L\ jV q(^) is continuous. Now there exists a semi-norm a on V such that, for any v G V, 

\qLx, v \M+is.\ < a(v) and \qLx,v\N+m\ < a(v). 

By Theorem 14. 1[ for any v € V, there exists A such that \qL\ >v (s)\ < a(v) if s G [N,M] + iR and 
I Ims| > A. Now by maximal modulus principle L'(X)(v) < a(v) for any v G V. □ 

Definition 5.2. Let (tt, V) an irreducible admissible representation of G. We define a map 

L : (V*) HU -* - (V*) HGl 

by 

L(X)(v) = ^i(l) 
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Theorem 13.11 implies 
Proposition 5.3. L is a monomorphism. 

Now we use the following theorem from |AG08bj . 
Theorem 5.4 (sec AG08b , Theorem I). The pair (GL2 n ,GL n x GL n ) is a Gelfand pair. Namely, 

dim(V*f UAF)xGL " (F) < I- 
Corollary 5.5. Theorem \l.l\ holds. Namely, 

dim(V*) HU ^ < 1. 
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